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Recall

Der A veclor jield F is alld o conservative veclor field 1f i the gradient of some scalar function
Le. F = Vf . In 4his situahon ][ 15 called a potential junchbn for F.

Theorem let C be a smooth curve Tven bﬂ the veclor junch'on T(t), ast< b
let § bea diﬂ. funch‘on o‘f two or three variables whose ﬂradnen’c veclor Vf is conhinuous

on (. Then,
| Vg7 = {(r) - fiFten).
c

Defn If F s continuous veclor jn’eld w/ domain D , we say that the line in}eﬂra\ Jf v s
independen{ oj Pan if IF.dF’ - j'l?.dF' jor ony two PGH\ (.G w) c
G G same inifial § ferminal Po{nh.

* The line m%eﬂm\s of conservative veclor jn'elo\s are independentoj Po’rh.

Theorem ‘[_I?.d? s indePenJen’r of path in D if and onlﬂ |f I Fdr=0 f"' every closed path Cin D.

(4 C

Phgsica\ mierpm*ah‘on - WorK done bj conservative jorce jielo\ as 1 moves an olﬂec‘r around a closed
Pafh is 0,
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* S we Know that i{ Fis conservahive , then (F.oF s independent oj the path .
c
Q Are there any non-conservative VLF. F sl [Fdf is independent oj the path ?

(4

Ans No.

Dee D is said Ho be open f for every pont Pin D is an inferior Pofn{ no boundaw ponts) .
D is said fo be connected, if any two Poinb in D can be Joined lilj a path in D.

D : not connected.

Thm  Suppose Fis a vedor f{elol that i confinuous on an open connected region D.
Ij ‘[-l?‘d? is mdePenden{ of Paﬂw in D, then F is conservative V.Fon D e
¢ there exists o funchon f such that Vf -F.

ﬂrgo_f_ Fix a point (a,b) € D and dejme j(X.g\ =[|?.d? ,where C is any paﬂ\ from (a,b) to (x,ﬂ).
(because of path independence ) . ¢

e Now pek o disc cenlered at (x.) confamed in D (@n do this since D is open)
Choose o pomt (%,4) in the disc with x <x and picK C o be any path from (a)b) o (xy),
call & C; followed bj the honizontal |ine seqment (, fom (x,.4) fo (1,y)

\lng]

&

e, fing) - [ . [Far - [Far
4 C| CJ
Note that ~first mlegra\ doesn‘{ depend on x ,

th 2 flxy)-0+23 [F.o7
enfore axf y +axI [

G
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If we wrife ?=Pf+Qf, then we Know that IF.d? =IPo\x+de
G ¢,
Nole that on Eldoesn'nl change, s0 a\ﬂ =0, Then G = <tyD where x ¢tex.

'ﬂwrefore, éf_ - %xJde -2 IPHH) i = P(xy]
X

ox , 1,

Simllaﬂj ,usin3 a vertical line segment ,we_can show that -

Yy
ij(«g) .Q.Jde+Qa\ : B_[Q('x,’c)dt
SR Y 4

= Q(‘xla)

(‘X )3\)

-

Therefore F = ??*«Qf

Q s it possible 4o deermine whether or nat a veclor field F is conservahve 7

Assume F = Pf+Qf is conservative ,where P and Q have continuous furs*-order Parhal derivahves .
Then here exisls f such that F = Vf ,le.
P-2f ad Q-2
ox aj
“nerejore \35 Cloirouls Theorem , P _ i;[_. s
aj aﬁax ax33 ox
Thegrem
|j F(x.ﬂ) - P(X,BY[+Q(x,3)f is conservahve ,where P and Q have continuous jlrs’r-order partial

derivatives on a domain D, then ’rhmuﬂhoul: D we have | 2P . 0Q .
33 ax

The converse 15 true onlj for a special ’rﬂpe oj regn'ons.
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_D;e_{. Sim|>|e curve 15 a curve which doesn't intersect |iselj anjwhere between the endpom’fs,

Simple, not closed Not simple, closed,
not closed not smple Closed and simp|e.

A sim\)\j connecled regon D is a connecled region W/ 0o holes”.

Simrlj connecled not simplj connected not snmplj connecled .

T Lot F- PL+QT bea vector fu'ela\ on an open simp\j connechion reﬂion D.
Suppose that Pand Q have conhinuous ]‘irs'*-order derivatives and
P . A ’rhrouﬂhout D.
33 0x

Then F is conservahive .

Ex  Defermine whether or not F s o conservalive veclor field .
a) ?(x,g) = excosH [ +e'xsin3\f
) Floy) = (ax-3y)T+ (3x+4y -8)]

a) P(x,g) =exc053, Q(x,_q) =exs|'nj
- o . —elsing , 98 . cxsmﬂ
33 o

Sice 9P 4 3Q |, F is not conservative.
9 ox

b) P(x,ﬂ) = (Jx-33) , Q(x.y) = -3y +45 -8

_agz'g; aA:‘s
bj ox

The domain af Fis R, which is open and simplj conn ,and s0 F is conservative.
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S0 we Know f(x,g) = (ax-3y) U+ (-3x+4j -8)f 15 conservative, 50 how do we find the
potential - funchion ][ such that Vf =F.

We will use Parh'a| in‘eﬂmhon.

—-—

RIRLEES 4 %J (ax-3p) T+ 34y -8)] =
= fxlxy) = Ax-?:j f jﬂ(x,g) = -3x+4j-8
|nle3rahhj {x wt x f(x.ﬁ) = x L 3x5+9(5)

Remark  The aonstant of inteqration s o constant wih respect fo x 1e. 0 funchion oj Y, which
we all qly) .

Diﬁerenh'a’n'nj f(x,}]) with respemL o Y ges j{i("'ﬁ) =-3x+3'(3).
Thus, ~3x+ly-8 =-3x+3‘(3) > q'y) = 4y-8
|n’rejmﬁnﬂ wrt Y, we have 3(3) z 352'8_‘1* K.
S0, jlx,y) = x2-3xﬂ+332 —33”( is the desired potential ][unch'on.
E Find a junchon j such that F - Vf where

F(le z) - qu xz] (xg+az)h

and use our ansiier lo evaluate JF ar alonﬂ

C is the line seﬂmen{ from ¢
(‘)0.'2) 'I'O (4)6)3).

S Vf =F = fx(xy.2) = yz
h (X.H,Z) = X2 R ji (X.ﬂ,i) = (Xﬂ*gl)
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fx(x,ﬂ,l) =y = j(x.g,z) "Xy +g (y.2)
"wn, jj(x.ﬂ.z) = %2z +3ﬂl3,z)
But fﬂ(x.ﬂ,t) =X 2 ¢ly2)=0 3(5,2)=h(2)
Thus ,j(x.ﬁ,z) = xyz 4 h(z) = ja(x,g.z) =xj+h'(z)
But,

felagpz) = qy+dz > W) =2 > hiz)=2+K

Hence | j(x.lj,z) = ij +22 (K=0)

Then, JF.J? - JVf.d? = f(Q,G,.%)—f(\,O,-l] =g1-4 =77

c

M Assume T is a conservative jorce jn'eld . Then the goienh’al eneray o} an ol:]ect ab point (x,y:2) is
o sclar junch'on such that F=-VP.

Lecture 8 Page 6



7

Monday, May 23, 2016 8:18 PM

l6-4 green's Thm

We want lo invesﬁjak the rela‘n’onshfp between a line m}eﬂml on a simp\e closed
curve C and a double m\eﬂral over the plane reﬂlbn D bounded bﬂ C.

Positive onientation oj a sim\lle closed curve C rejem to a sfnﬂle counterclocKwise traversal oj C.

f Cis given bﬂ the veclor juncﬁon T(t) ,a¢t<b , then the reslbn Dis alwaﬂs on the left as
Tlt) traverses C,

N
e

N

Posihe orientation Neaaﬁve orientahon
Greens Thm

let Chbea Posih'velj ontenled. plecewise smooth , sirple closed curve i the plane , and
D be the rejion bounded bﬂ C.

If Pand & have continuous partial derivatives on an open
rcaion that contains D , then

i?d’xﬂidﬂ JDJ _g%_g_;)dA

Notation o {) P dx +de or f% Pdx +de (l'ndl‘cah‘rﬂ P05|Hve orientation o{ closed curve C)
c

c

o 3D : posih'velﬂ oriented bdrj curve of D

U g.%-%g dA =aJ;de+de
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ThinK of it as an ana\oaue oﬁ the FTC (Evaluation Theorem):

b

JF'(x) dx = F(b) -Fla)

a

In both cases there is an mlejra\ mvolvmj denvatives | F', 9 and b_P) on LHS and RHS mnvolves
the values oj onﬂmal junchons (F,Qand P) o 83
on\j on the boundar oj the domain .

Ex Evaluate +(3+e )o\x + (Jx + cosy )dj ,where C is the bouno\ag j tHhe I'93|0n
enclosed bj the Parabolas y=x 2 ond - 3

_Sglﬂ 7\ 3”‘2

xeg? The region D bounded bﬂ C is the region
W {(xg) logyed, 3’“44’9_}

S
L4

Then \;ﬂ €|reen‘s Pneorem,

| 2 (3x+c053 (y+e )]
st 5t

=:r(9-1)dxo\ﬂ - Jﬂ -fdj - _Qg?-]f}i=é_.

03’ 0 ()

"

f(ﬂ»reﬁ)dx + t&x *cosgl)dj

* Ao application of the reverse direction of Green's Theorem is compuh'nj areas .

A =“1dA , we wish 1o choose P and Q so that 2@ _ 2P _ 1.

. ox aﬂ

Several Possi bilities

Pxy)=0 o Plxy) =Y or Plxy)-=- 'y
Qlx,Y) = x Q(xy) =0 Qlxy) -
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Then,Aaéxdj=-§jdx =2|_§)xdﬂ-3o\x
c C

2
2

Ex Find the area enclosed bﬂ the ellipse _X_.;gji -1
a b

Slo  The parametric equa’rion for ellipse is % =ncost , y =bsint ,0¢t¢anm.

aﬂ an
A . %deﬂ —3&7( , 11 [(acos’c)(beosﬂd’c - (bsnt)(-asnt)dt . g)b_‘[dt = nab .
c 0

* Greens theorem can be appled 1o region w/ holes |1 regons that are not simpleconnected.

The boundarj ( of reaion D consists oj two simp\e closed curves
(4 C\ and CJ_.

\

Assume C is oriented so that the reﬂion Dis alwaﬂs on the Iej’r as we travel alorﬂ C.
Divide region D wmlo two pieces D and D, as shown and applj Greens Theorem fo both D, § D, .

AU jj(%g_-gxﬂ)df\=H(£&_-§£)JA+”(1&-_3£)JA

— m D dy o D, %y
=a[D[de+de ; aJDIde»fQo\j
| 2

As the line m{eamls alonﬂ the common boundaﬂ are in opposi}e direction, ’rhej cancel and we ael:
“ (m .o )dA =Jde+ de +JPJx+Qa\ﬂ ,J Pdx+ ng _
x )7 ! J

D

Ex ?(x.g) . [ytex]) | show that I? &r = dn jor every POSiH\IC[lj oriented  simple
(x2+ 3’) c

closed path that encloses the oriﬂin.

Lecture 8 Page 9



10

Tuesday, May 31, 2016 3:01 PM

C= posih'velj oriented simple. closed curve that encloses the origin .

Soln.
C
/E ﬁ No 1dea how to compu}e m}eﬂral clurecﬂﬂ.
\ D

/

Incleod picK o counterclocKwise oriented circle C' w/ center (0,0)
and radius a so that C' les insde C

let D be the region enclosed bﬂ Cand C.

Then  the POSI‘llVe\j oriented boundarj of Dis Cu- -¢' and Greens Thm gves us

[ramw +dex+de J[(ﬁ-é?_)JA

¢ -c b ‘o %9

” 5 ﬁi—)’ dA

- 0

(]

'Tlt) =<acost, asint > , 0¢t ¢ An

7
an

P a7 ] FIF).FH) db
m 0

- —agint 0605* asint, acost N dt
J < deostt +alan’t a’cos’t +a’sn’t > < >

n’
, J alem’t +aost 4t - Idt = dn
0

a?

0
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